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ENUMERATIONS OF CAYLEY GRAPHS
DONGSEOK KIM, JIN HWAN KIM, JAEUN LEE, AND DIANJUN WANG
Abstract. We characterize the equivalence and the weak equivalence of Cayley graphs
for a finite group A. Using these characterizations, we find enumeration formulae of the
equivalence classes and weak equivalence classes of Cayley graphs. As an application, we
find the number of weak equivalence classes of circulant graphs.
1. Introduction
Let A be a finite group with identity e and let Ω be a set of generators for A with the
properties that Ω = Ω−1 and e 6∈ Ω, where Ω−1 = {x−1 | x ∈ Ω}. The Cayley graph C(A,Ω)
is a simple graph whose vertex-set and edge-set are defined as follows:
V (C(A,Ω)) = A and E(C(A,Ω)) = {{g, h} | g−1h ∈ Ω}.
Because of its rich connections with broad range of areas, it has been in the center of the
research in graph theory [1, 4, 14, 15]. Spectral estimations of Cayley graphs have been
studied [2, 7]. It plays a key role in the study of the geometry of hyperbolic groups [9].
Recently, Li has found wonderful results on edge-transitive Cayley graphs [12, 13].
The Cayley graph C(A,Ω) admits a natural A-action, · : A×C(A,Ω)→ C(A,Ω) defined
by g · g′ = gg′ for all g, g′ ∈ A. A graph G with an A-action is called an A-graph. So,
every Cayley graph C(A,Ω) is an A-graph. A graph isomorphism f : G→ H between two
A-graphs is weak equivalence if there exists a group automorphism α : A → A such that
f(g ·u) = α(g) ·f(u) for all g ∈ A and u ∈ V (G). When α is the identity automorphism, we
say that f is an equivalence. If there is a weak equivalence between A-graphs G and H , we
say G and H are weak equivalent. Similarly, if there is an equivalence between A-graphs G
and H , we say G and H are equivalent. For standard terms and notations, we refer to [8].
Enumerations of the equivalence classes and weak equivalence classes of some graphs have
been studied [6,11]. The purpose of this article is to enumerate the equivalence classes and
weak equivalence classes of Cayley graphs for a finite group A.
The outline of this paper is as follows. In section 2, we characterize the weak equivalence
of Cayley graphs for a finite group A. Using these characterizations, we find enumera-
tion formulae of the equivalence classes and weak equivalence classes of Cayley graphs in
section 3. As an application, we find the number of weak equivalence classes of circulant
graphs in section 4.
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2. A characterization of Cayley graphs
Our definition of an weak equivalence between two Cayley graphs can be interpolated as
a color-consistence and direction preserving graph isomorphism [8, Section 1.2.4].
Theorem 2.1. Let C(A,Ω) and C(A,Ω′) be two Cayley graphs. Then the followings are
equivalent.
(1) C(A,Ω) and C(A,Ω′) are weakly equivalent,
(2) There exists an isomorphism α : A → A such that α(Ω) = Ω′.
Proof. (1) ⇒ (2): Let f : C(A,Ω) → C(A,Ω′) be a weak equivalence. Then there exists
a group automorphism τ : A → A such that f(g) = τ(g)f(e) for each g ∈ A. Let
x ∈ Ω. Then {e, x} is an edge in C(A,Ω). Since {f(e), f(x)} is an edge in C(A,Ω′),
f(e)−1f(x) = f(e)−1τ(x)f(e) is an element of Ω′. Hence the map α : A → A defined by
α(g) = f(e)−1τ(g)f(e) is a group isomorphism such that α(Ω) = Ω′.
(2) ⇒ (1): Let α : A → A be a group automorphism such that α(Ω) = Ω′. We define
f : C(A,Ω) → C(A,Ω′) by f(g) = α(g). If {g, h} is an edge in C(A,Ω), then g−1h ∈ Ω
and f(g)−1f(h) = α(g)−1α(h) = α(g−1h) ∈ α(Ω) = Ω′. Hence f is a graph isomorphism
such that f(gg′) = α(gg′) = α(g)α(g′) = α(g)f(g′), i.e., f is a weak equivalence. 
By using a similar method in Theorem 2.1, we can have the following theorem.
Theorem 2.2. Let C(A,Ω) and C(A,Ω′) be two Cayley graphs. Then the followings are
equivalent.
(1) C(A,Ω) and C(A,Ω′) are equivalent,
(2) Ω and Ω′ are conjugate in A, i.e., there exists an element g ∈ A such that g−1Ωg =
Ω′.
3. Enumeration formulae
For a finite group A, let
Gm(A) = {Ω ⊂ A : Ω
−1 = Ω, < Ω >= A, |Ω| = m, e 6∈ Ω}.
Notice that Gm(A) contains all equivalence classes of Cayley graphs C(A,Ω) of degree m.
Let H be a group of group automorphisms of A. H admits a natural action on Gm(A)
by α · Ω = α(Ω). By Theorem 2.1, Ew(A, m), the number of weak equivalence classes of
Cayley graphs C(A,Ω) of degree m, is equal to the number of orbits of the Aut(A) action
on Gm(A), where Aut(A) is the group of all group isomorphisms of A. Similarly, one can
see that the number E(A, m) of equivalence classes of Cayley graphs C(A,Ω) of degree m
is equal to the number of orbits of the Inn(A) action on Gm(A) by Theorem 2.2, where
Inn(A) is the group of all inner automorphisms of A.
For any subset S of A, let O2(S) = {g ∈ S : g
2 = e, g 6= e}. We observe that
Gm(A) =
⌊m
2
⌋⋃
k=0
{Ω ∈ Gm(A) : |O2(Ω)| = m− 2k} =:
⌊m
2
⌋⋃
k=0
Gm,k(A).
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This implies that
Ew(A, m) =
⌊m
2
⌋∑
k=0
|Gm,k(A)/Aut(A)| and E(A, m) =
⌊m
2
⌋∑
k=0
|Gm,k(A)/Inn(A)|.
Now, we aim to find a computational formula for the numbers |Gm,k(A)/Aut(A)| and
|Gm,k(A)/Inn(A)|. For each x ∈ A, let x = {x, x
−1}. Let us denote G¯m,k(A), the set of
all (m− k)-tuples (x1, x2, . . . , xk, y1, . . . , ym−2k) of distinct terms such that (1) x
2
i 6= e, (i =
1, 2, . . . , k), (2) y−1j = yj 6= e, (j = 1, . . . , m − 2k), and (3) {x1, x2, . . . , xk, y1, . . . , ym−2k}
generates A.
Let Sk be the symmetric group on k letters and let Kk be the direct product Sk × Sm−2k
of Sk and Sm−2k. Define an Aut(A)×Kk action on G¯m,k(A) by
(α, σ, τ) · (x1, . . . , xk, y1, . . . , ym−2k)
= (α(xσ−1(1)), . . . , α(xσ−1(k)), α(yτ−1(1)), . . . , α(yτ−1(m−2k))).
Then it is not hard to show that
|G¯m,k(A)/Aut(A)×Kk| = |Gm,k(A)/Aut(A)|,
|G¯m,k(A)/Inn(A)×Kk| = |Gm,k(A)/Inn(A)|.
For a fixed element (α, σ, τ) in Aut(A) × Kk, let F(α,σ,τ)(m, k,A) be the set all elements
in G¯m,k(A) such that (α, σ, τ) · (x1, . . . , xk, y1, . . . , ym−2k) = (x1, . . . , xk, y1, . . . , ym−2k). The
following comes from the Burnside lemma.
Theorem 3.1. Let A be a finite group and m be a positive integer. Then the number of
weak equivalence classes of Cayley graphs C(A,Ω) of degree m, Ew(A, m), is
⌊m
2
⌋∑
k=0
|Gm,k(A)/Aut(A)| =
⌊m
2
⌋∑
k=0
∑
(α,σ,τ)∈Aut(A)×Kk |F(α,σ,τ)(m, k,A)|
|Aut(A)| k!(m− 2k)!
,
and the number of equivalence classes of Cayley graphs C(A,Ω) of degree m, E(A, m), is
⌊m
2
⌋∑
k=0
|Gm,k(A)/Inn(A)| =
⌊m
2
⌋∑
k=0
∑
(α,σ,τ)∈Inn(A)×Kk |F(α,σ,τ)(m, k,A)|
|Inn(A)| k!(m− 2k)!
.
Now, we will compute |F(α,σ,τ)(m, k,A)|. For each subgroup S of A such that α(S) = S,
let us denote G˜m,k(S) the set of all (m− k)-tuples (x1, x2, . . . , xk, y1, . . . , ym−2k) of distinct
elements in S such that (1) x2i 6= e, (i = 1, 2, . . . , k), and (2) y
−1
j = yj 6= e, (j = 1, . . . , m−
2k). Then G˜m,k(S) is also an Aut(A)×Kk set. Let F˜(α,σ,τ)(m, k,S) be the set of all elements
in G˜m,k(S) such that (α, σ, τ) · (x1, . . . , xk, y1, . . . , ym−2k) = (x1, . . . , xk, y1, . . . , ym−2k). It
follows from the Mo¨bius inversion that
|F(α,σ,τ)(m, k,A)| =
∑
S≤A,α(S)=S
µ(S) |F˜(α,σ,τ)(m, k,S)|,
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where µ is the Mo¨bius function which assigns an integer µ(S) to each subgroup S of A such
that α(S) = S by the recursive formula∑
S′≥S
µ(S ′) = δS,A =
{
1 if S = A,
0 if S < A.
Let S be a subgroup of A. We consider Aut(A) × Sk action on the set G˜2k,k(S) and
Aut(S)× Sm−2k action on the set G˜m−2k,0(S). Then
|F˜(α,σ,τ)(m, k,S)| = |F˜(α,σ)(2k, k,S)| |F˜(α,τ)(m− 2k, 0,S)|,
for any subgroup S of A. To complete the computation, we need computational formulae
for these two numbers |F˜(α,σ)(2k, k,S)| and |F˜(α,τ)(m−2k, 0,S)| for a subgroup S of A such
that α(S) = S. For α ∈ Aut(A) and a positive integer n, let
F˜(α,n)(S) = {g ∈ S : g 6= g
−1, αn(g) = g, αl(g) 6= g and αl(g) 6= g−1 (l < n)},
I˜(α,n)(S) = {g ∈ A : g 6= g
−1, αn(g) = g−1, αl(g) 6= g and αl(g) 6= g−1 (l < n)},
and
F˜ o(α,n)(S) = {g ∈ S : g
−1 = g 6= e, αn(g) = g and αl(g) 6= g(l < n)}.
For a fixed element σ ∈ Sn, let jk(σ) be the number of disjoint k cycles in the factorization
of σ into disjoint cycles, i.e., σ = σj1(σ) · · ·σjn(σ), where σjk(σ) is the product of jk(σ) disjoint
k cycles.
Lemma 3.2. Let α ∈ Aut(A), σ ∈ Sk and τ ∈ Sm−2k. Then for any subgroup S of A such
that α(S) = S, we have
|F˜(α,σ,τ)(m, k,S)| =
k∏
r=1
jr(σ)−1∏
s=0
(
|F˜(α,r)(S)| + |I˜(α,r)(S)|
2
− rs
)
m−2k∏
l=1
jl(τ)−1∏
t=0
(
|F˜ o(α,l)(S)| − lt
)
.
In particular, if |A| is odd, then we have
|F˜(α,σ,τ)(m, k,S)| =


k∏
r=1
jr(σ)−1∏
s=0
(
|F˜(α,r)(S)|+ |I˜(α,r)(S)|
2
− rs
)
if m is even and k = m
2
,
0 otherwise.
Proof. Notice that (x1, . . . , xk) is an element of F˜(α,σ)(2k, k,S) if and only if xi = α(xσ−1(i))
for each i = 1, 2, . . . , k. It means that if the length of the orbit of i under the < σ >
is r, then xi = α
r(xi) or x
−1
i = α
r(xi), i.e., xi ∈ F˜(α,r)(S) ∪ I˜(α,r)(S). Since the number
of orbits of length r is jr(σ), the set {xi, x
−1
i , α(xσ(i)), α(x
−1
σ(i)), . . . , α(xσr−1(i)), α(x
−1
σr−1(i))}
contains 2r numbers of elements in F˜(α,r)(S)∪ I˜(α,r)(S), and {xi, α(xσ(i)), . . . , α(xσr−1(i))} =
{x−1i , α(x
−1
σ(i)), . . . , α(x
−1
σr−1(i))}. Since F(α,r)(S) and I(α,r)(S) are disjoint, we have
|F˜(α,σ)(2k, k,S)| =
k∏
r=1
jr(σ)−1∏
s=0
(
|F˜(α,r)(S)| + |I˜(α,r)(S)|
2
− rs
)
.
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Similarly, we can show that
|F˜(α,τ)(m− 2k, 0,S)| =
m−2k∏
l=1
jl(τ)−1∏
t=0
(
|F˜ o(α,r)(S)| − lt
)
.
Notice that if |A| is odd, then |F˜ oαr(S)| = 0. It completes the proof. 
We observe that if σ1 and σ2 are conjugate in Sk, then |F˜(α,σ1)(2k, k,S)| = |F˜(α,σ2)(2k,
k,S)| for any automorphism α of A and any subgroup S of A with α(S) = S. Similarly, we
can see that if τ1 and τ2 are conjugate in Sm−2k, then |F˜
o
(α,τ1)
(m− 2k, 0,S)| = |F˜(α,τ2)(m−
2k, 0,S)| for any automorphism α of A and any subgroup S of A with α(S) = S. Moreover,
the number of elements in Sm which are conjugate to σ is equal to
m!
j1(σ)!2j2(σ)j2(σ)! · · ·mjm(σ)jm(σ)!
.
Now, by the fact that j1(σ)+2j2(σ)+ · · ·+mjm(σ) = m, Theorem 3.1 can be reformulated
as follows.
Theorem 3.3. Let A be a finite group and m be a positive integer. Then we have
|Aut(A)| Ew(A, m)
=
⌊m
2
⌋∑
k=0
∑
α∈Aut(A)
∑
S≤A,α(S)=S
µ(S)


∑
j1+2j2+···+kjk=k
k∏
r=1
jr−1∏
t=0
(
|F˜αr(S)| + |I˜αr(S)|
2
− rs
)
j1!2j2j2! · · · kjkjk!


×


∑
j1+2j2+···+(m−2k)jm−2k=m−2k
m−2k∏
l=1
jl−1∏
t=0
(
|F˜ oαl(S)| − lt
)
j1!2j2j2! · · · (m− 2k)jm−2kjm−2k!

 ,
and
|Inn(A)| E(A, m)
=
⌊m
2
⌋∑
k=0
∑
α∈Inn(A)
∑
S≤A,α(S)=S
µ(S)


∑
j1+2j2+···+kjk=k
k∏
r=1
jr−1∏
t=0
(
|F˜αr(S)| + |I˜αr(S)|
2
− rs
)
j1!2j2j2! · · · kjkjk!


×


∑
j1+2j2+···+(m−2k)jm−2k=m−2k
m−2k∏
l=1
jl−1∏
t=0
(
|F˜ oαl(S)| − lt
)
j1!2j2j2! · · · (m− 2k)jm−2kjm−2k!

 .
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Now, we will compute |F˜(α,r)(S)|, |I˜(α,r)(S)|, and |F˜
o
(α,r)(S)|. For convenience, let
˜˜F(α,r)(S) = {g ∈ S : α
r(g) = g, g−1 6= g},
˜˜I(α,r)(S) = {g ∈ S : α
r(g) = g−1, g−1 6= g},
˜˜F o(α,r)(S) = {g ∈ S : α
r(g) = g, g−1 = g 6= e}.
Lemma 3.4. Let A be a finite group and let α be an automorphism on A of order | < α > |.
Then for any positive integer r and any subgroup S of A such that α(S) = S, we have
|F˜αr(S)| =


∑
d|r
µ
(r
d
) ∣∣∣ ˜˜Fαd(S)∣∣∣ if r is a divisor of |< α > | and odd,
∑
d|r
µ
(r
d
) ∣∣∣ ˜˜Fαd(S)∣∣∣− |I˜α r2 (S)| if r is a divisor of |< α > | and even,
0 if r is not a divisor of |< α > |,
|F˜ oαr(S)| =


∑
d|r
µ
(r
d
) ∣∣∣ ˜˜F oαd(S)∣∣∣ if r is a divisor of |< α > |,
0 otherwise,
and
|I˜αr(S)| =


∑
d|r and r
d
is odd
µ
(r
d
) ∣∣∣ ˜˜Iαd(S)∣∣∣ if 2r is a divisor of |< α > |,
0 otherwise.
Proof. Let x ∈ S such that αr(x) = x and x 6= x−1. If αl(x) = x for some l, then
αd(x) = x, where d = (r, l) is the greatest common divisor of r and l. It implies that if
αl(x) = x then x ∈ ˜˜Fαd(S) for some divisor d of r. Since α
(r,|<α>|)(x) = x, |F˜αr(S)| 6= 0
when r = (r, |< α >|), i.e., r is a divisor of |< α >|.
If αl(x) = x−1 for l < r, then α2l(x) = x and hence α(r,2l)(x) = x. It implies that if
d = (r, 2l) < r then x ∈ ˜˜Fαd(S), and if d = (r, 2l) = r, then 2l = r and x ∈
˜˜I
α
r
2
(S). Now,
we can see that
F˜αr(S) =
˜˜Fαr(S)−

 ⋃
d|r and d6=r
˜˜Fαd(S) ∪
˜˜I
α
r
2
(S)

 .
Notice that if αs(x) = x and s|t then αt(x) = x, i.e., ˜˜Fαs(S) ⊂
˜˜Fαt(S) for each s and t
with s|t. Since
˜˜I
α
r
2
(S)−
⋃
d|r and d6=r
˜˜Fαd(S) = I˜α r2 (S),
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we have
|F˜αr(S)| =


∑
d|r
µ
(r
d
) ∣∣∣ ˜˜Fαd(S)∣∣∣ if r is a divisor of |< α > | and odd,
∑
d|r
µ
(r
d
) ∣∣∣ ˜˜Fαd(S)∣∣∣− |I˜α r2 (S)| if r is a divisor of |< α > | and even,
0 if r is not a divisor of |< α > |.
By a method similar to the computation of |F˜αr(S)|, we have
|F˜ oαr(S)| =
∑
d|r
µ
(r
d
)
| ˜˜F oαd(S)|.
Let x ∈ S such that αr(x) = x−1 and x 6= x−1. If αl(x) = x for some l, then α(2r,l)(x) = x.
In particular, α(2r,|<α>|)(x) = x. This implies that |I˜αr(S)| 6= 0 when 2r = (2r, | < α > |),
i.e., 2r is a divisor of |< α > |. For l ≤ r, Put d = (2r, l). Then αd(x) = x. If d is a divisor
of r, then x = αd
r
d (x) = αr(x) = x−1. Since x 6= x−1, d can not be a divisor of r. Since
d|2r, d is even and
2r
d
is odd. Hence, x−1 = αr(x) = α
d
2
2r
d (x) = α
d
2 (x), i.e., αd
′
(x) = x−1
for some d′|r and
r
d′
is odd. If αl(x) = x−1 for some l ≤ r, then α(2r,2l)(x) = x. Put
(2r, 2l) = 2(r, l) = 2d. Then α2d(x) = x and x−1 = αr(x) = αd
r
d (x). Since x 6= x−1,
r
d
is
odd and αd(x) = x−1. Now, we can see that
I˜αr(S) =
˜˜Iαr(S)−
⋃
d|r, d6=r and r
d
is odd
˜˜Iαd(S),
and hence,
|I˜αr(S)| =
∑
d|r and r
d
is odd
µ
(r
d
)
| ˜˜Iαd(S)|.
It completes the proof. 
Let A be a finite abelian group. Then Inn(A) = {idA}. Let S be a subgroup of A. Then
|F˜1(S)| + |I˜1(S)| = |S| − |O2(S)| − 1 and |F˜
o
1 (S) = |O2(S)|. Now, by Theorem 3.3 and
Lemma 3.4, we have the following corollary.
Corollary 3.5. Let A be a finite abelian group and m be a positive integer. Then the
number of weak equivalence classes of Cayley graphs C(A,Ω) of degree m, E(A, m) is
⌊m
2
⌋∑
k=0
∑
S≤A
µ(S)
(
1
2
(|S| − |O2(S)| − 1)
k
)(
|O2(S)|
m− 2k
)
,
where O2(S) = {g ∈ S : g
2 = e, g 6= e}. In particular, if A is odd, then
E(A, m) =


∑
S≤A
µ(S)
(
1
2
(|S| − 1)
m
2
)
if m is even,
0 if m is odd.
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4. Applications to circulant graphs
Let Zn be the additive cyclic group of order n. A connected circulant graph is a Cayley
graph C(Zn,Ω) for the cyclic group Zn of order n. Let p be a prime number. Two circulant
graphs for a cyclic group Zp are isomorphic if and only if they are weakly equivalent [5]. So,
the number Ew(Zp, m) of weak equivalence classes and the number of isomorphism classes
of Cayley graphs C(Zp,Ω) of degree m are equal.
We identify Aut(Zn) with the set of all elements of Zn which are relatively prime to n,
that is, the set {α ∈ Zn : (α, n) = 1}. Notice that Aut(Zn) has φ(n) elements, where φ is
the Euler function. Notice that the number of elements g in Zn such that g = −g is one if
n is odd or two if n is even. Moreover, such elements are fixed by every automorphism α
of Zn, i.e., α(g) = g. Since α
r is also an automorphism for any automorphism α and any
integer r, we have
|F˜ oαr(Zn)| =
{
1 if r = 1 and n is even,
0 otherwise.
Now, we aim to compute |F˜αr(Zn)| and |I˜αr(Zn)|. By Lemma 3.4, it is sufficient to
compute | ˜˜Fαr(Zn)| and |
˜˜Iαr(Zn)|. Let α be an automorphism and let r be an integer. Then
g ∈ ˜˜Fαr(Zn) if and only if α
r(g) = g and 2g 6= 0, i.e., (αr − 1)g = 0 and 2g 6= 0, and
g ∈ ˜˜Iαr(Zn) if and only if α
r(g) = −g and 2g 6= 0, i.e., (αr +1)g = 0 and 2g 6= 0. Hence we
have the following lemma.
Lemma 4.1. Let α ∈ Zn such that (α, n) = 1 and for any natural number r, we have
| ˜˜Fαr(Zn)| =
{
(αr − 1, n)− 1 if n is odd,
(αr − 1, n)− 2 if n is even,
| ˜˜Iαr(Zn)| =
{
(αr + 1, n)− 1 if n is odd,
(αr + 1, n)− 2 if n is even.
Corollary 4.2. Let p be an odd prime and let α ∈ Zp such that (α, p) = 1. Then for any
natural number r, we have
|F˜αr(Zp)| =
{
p− 1 if r is odd, the order of α is r and r|(p− 1),
0 otherwise,
and
|I˜αr(Zp)| =
{
p− 1 if order of α is 2r and r|(
p− 1
2
),
0 otherwise.
From Corollary 4.2, we can see that
|F˜αr(Zp)|+ |I˜αr(Zp)| =


p− 1 if r is odd, order of α is r and r|(p− 1),
p− 1 if order of α is 2r and r|(
p− 1
2
),
0 otherwise.
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Notice that G¯m,k(Zp) 6= ∅ if and only if m ≤
p− 1
2
, m is even, and k =
m
2
. From now
on, we only consider m ≤
p− 1
2
. Let σ ∈ Sm
2
and let α ∈ Aut(Zp). Then
|F˜(α,σ)| =


m
2l
−1∏
t=0
(
p− 1
2
− rt
)
if jl(σ) =
m
2l
, |< α > | = l, l|(
p− 1
2
), and l is odd,
m
2l
−1∏
t=0
(
p− 1
2
− rt
)
if jl(σ) =
m
2l
, |< α > | = 2l, and l|(
p− 1
2
).
Notice that Zp has no nontrivial subgroup, and that the order of each element in Aut(Zp)
is a divisor of p − 1 and |{α ∈ Aut(Zp) : | < α > | = k}| = φ(k) for each k|(p − 1). By
summarizing these together with Theorem 3.3, we find the following theorem.
Theorem 4.3. Let p be a prime number and let m ≤
p− 1
2
. Then
(p− 1) Ew(Zp, m) =
∑
k|(p−1
2
,m
2
) and k is odd
φ(k)
m
2k
−1∏
t=0
(
p− 1
2
− kt
)
k
m
2k
(m
2k
)
!
+
∑
k|(p−1
2
,m
2
)
φ(2k)
m
2k
−1∏
t=0
(
p− 1
2
− kt
)
k
m
2k
(m
2k
)
!
.
In particular, if
m
2
or
p− 1
2
is odd, then
(p− 1) Ew(Zp, m) = 2
∑
k|(p−1
2
,m
2
)
φ(k)
m
2k
−1∏
t=0
(
p− 1
2
− kt
)
k
m
2k
(m
2k
)
!
.
Moreover, if (
p− 1
2
,
m
2
) = 1, then
Ew(Zp, m) =
(
1
2
(p− 3)
m
2
)
.
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